We propose a theoretical approach for calculating effective electric and magnetic properties of composites with field-dependent restructuring of the filler. The theory combines the Bruggeman-Landauer approximation extended to a field-dependent (variable) percolation threshold with the approximate treatment of nonlinearity of material properties. Theoretical results are compared with experiments on magnetorheological elastomers, which in the context of investigated phenomena are often called magnetoactive elastomers (MAEs). In MAEs with soft polymer matrices, the mutual arrangement of inclusions changes in an applied magnetic field. This reorganization of the microstructure leads to unconventionally large changes of electrical and magnetic properties. Obtained theoretical results describe observed phenomena in MAEs well. Qualitative agreement between theory and experiment is demonstrated for the magnetodielectric effect. In the case of magnetic permeability, quantitative agreement is achieved. The theoretical approach presented can be useful for development of field-controlled smart materials and design of smart structures on their basis, because the field dependence of physical properties can be predicted.
I. Introduction
By composite material, we mean a macroscopically inhomogeneous medium consisting of two or more "phases", where each phase is a material with distinct physical properties. The structure is assumed to be random heterogeneous, for example, randomly located inclusions of the first phase dispersed in a continuous matrix (second phase). There may be many different modifications or variations of the microstructure, e.g. tiny spheres in the matrix, anisotropic inclusions, elongated inclusions with a random arrangement of their centers and/or a random arrangement of axes, and the like. Many real-world composites can reasonably be represented by those structures (after neglecting fine details). On a large spatial scale, which should be much bigger that the characteristic size of the correlation length  [1] [2] [3] [4] , the composite is homogeneous, one speaks of the averaged homogeneity. Effective coefficients describe physical properties of such a composite material. Theoretical description of the effective properties of composites with macroscopic inclusions boils down to the calculation of effective coefficients, e.g. magnetic permeability. For instance, in the case of a macroscopically inhomogeneous magnetic composite with different values of the magnetic permeability of the phases, the effective magnetic permeability relates the magnetic field strength to the magnetic flux density, where both physical quantities are averaged over the volume.
In all the above examples, including those given in cited seminal books, the microstructure of the composites fixed and various physical processes take place at this given structure [2] [3] [4] [5] [6] .
In the present paper, we consider an alternative statement of the problem, when the microstructure (e.g. mutual arrangement of filling particles) of a composite material changes under the influence of external fields, also in the situation when dimensions and the shape of the sample remain constant.
In this case, one often says that a restructuring (RS) of the filler [7] or particles [8, 9] takes place. RS can also happen during measurement. In the following, we will use as a striking example magnetoactive elastomers (MAEs) at room temperature [10, 11] . For instance, when measuring the effective magnetic permeability of a MAE with a soft polymer matrix, it is necessary to put a MAE specimen into a magnetic field. In an 3 inhomogeneous medium, the magnetic field will be non-uniform and may lead to a displacement of inclusions, i.e. to RS of the particulate filler.
Magnetoactive elastomers are composite materials where µm-sized ferromagnetic filler particles are in a soft elastomer matrix [12] [13] [14] [15] . In an external magnetic field, these particles change their arrangement within the composite material (i.e. RS of the particulate filling takes place). It is assumed that the external dimensions of a sample don't change, that requires specific experimental conditions. It is important that the matrix is bound to the inclusions. When an external magnetic field vanishes, elasticity of the matrix forces the initial distribution of particles to recover. Any physical property related to the arrangement of inclusions within the composite material will change [16] . If the matrix is soft (Young's modulus is smaller than approximately 30 kPa), the RS of the particulate filler can be significant even at moderate (100 -300 mT) magnetic flux densities [7, 11, [17] [18] [19] [20] [21] .
One of the most known appearances of such a RS is the magnetorheological (MR) or field-stiffening effect, where the relative changes of the elastic moduli can reach three to four orders of magnitude in saturating magnetic fields [22, 23] . Hitherto, the majority of research has concentrated on the MR effect because of its industrial applications [24] [25] [26] . Similar RS effects were also observed in the electrorheological elastomers where the arrangement of dielectric particles can be influenced by external electric fields [27] [28] [29] . A more exotic effect is the recently reported rotation of hard inclusions in a soft matrix during mechanical loading [30] .
Initially, it is assumed that there are material equations corresponding to the physical phenomenon under consideration, for example,
j , and D are the magnetic flux density, the electric current density and the electric displacement field, respectively, while H is the magnetic field strength and E is the electric field strength. µ0 is the magnetic permeability of vacuum, and ε0 is the vacuum permittivity. In the quasi-static approximation [31] , equations 
where ... 1/ ... V dV   , V is the averaging volume, wherein the characteristic dimensions of the averaging region should be much larger than the correlation length  .
Many examples of different structures of composites and methods for calculating effective coefficients are given in books (see [4, 5] and others). It is obvious that the exact solution of the problem of calculating the effective coefficients is possible only in a few exceptional cases [32] [33] [34] [35] . Therefore, one has to use various approximate methods.
It is obvious that conventional methods for calculating effective properties that do not take into account RS in a specimen placed into an external field are not applicable to description of the properties of MAEs and in other similar cases. We propose an approximate approach for describing the effective properties of composites with RS based on the concept of a movable percolation threshold.
The paper is organized as follows: In Section II, we present a qualitative description of RS phenomena and formulate the main idea behind the proposed theoretical approach. Here we will use the model of percolation structure, when up to the percolation threshold (not necessarily in the critical region, that is, just close to the percolation threshold) in a macroscopically disordered system, there are finite clusters forming the so-called pre-cluster. With an increase in the concentration of inclusions, the pre-cluster will become a part of an infinite cluster, forming a continuous path via the inclusions through the entire sample. In Section III, we go beyond the conventional effective-medium theory (EMT) and describe a modification of it allowing one to "tune the percolation threshold". In Section IV, we use the approach discussed in the preceding section for description of the magnetocapacitive effect in MAEs. Section V presents the treatment of nonlinear properties of the filler for calculating the effective magnetic permeability in the absence of RS. Theoretical methods outlined in Section 5 III and V are unified into a coherent approach in Section VI, where this approach is successfully applied to The distribution of the magnetic field strength and the magnetic field strength inside a composite is homogeneous only on average. For example, on the dimensions of the order of the correlation length below the percolation threshold (when the concentration of inclusions is less than the percolation threshold), the composite structure is a set of finite clusters of inclusions. The size of these clusters is less than the correlation length  . With an increase in the concentration of inclusions, the average size of these finite clusters grows. At a certain concentration value, which is the percolation threshold c p , the finite clusters (but not all) connect and form the so-called infinite cluster passing through the entire specimen. This infinite cluster is a random network with a characteristic cell size  . Inside this network, without touching it, there are finite clusters that have not 6 joined to the network yet. Thus, when the concentration is less than the threshold value c pp  , in the composite there is an assortment of finite clusters (we will call it a pre-cluster), which, with an increase in the concentration of inclusions c pp  , will connect parts of the PC and form an infinite cluster, see Figure 1 as an illustration.
Consider the situation when a magnetic field is applied. We assume that the elastomer matrix is nonmagnetic, i.e. the relative magnetic permeability 2   1, and inclusions consisting of carbonyl iron with dimensions of the order of a micrometer have relative magnetic permeability 12   , and in some cases 12  . The closer is the concentration of inclusions p to c p , i.e. the denser is the pre-cluster (the relative number of inclusions in pre-cluster, normalized to the total number of particles, is increased) the greater part of the magnetic flux will pass through the pre-cluster. Accordingly, in a pre-cluster, the magnetic flux density
 
Bris larger in the pre-cluster than outside of it. A magnetic field gradient comes into play and the force acts on magnetic inclusions in vicinity of the pre-cluster. This force is proportional to 2 () grad H [31] and is directed towards the pre-cluster. At room temperature, the elastic matrix is soft and the particles with the attached matrix can move within the specimen (until the elastic force from the matrix stops them) and thereby increase the relative number of particles (i.e. their concentration) in the pre-cluster. We can say that the precluster grows. Despite the fact that the total number of particles in the sample is constant, after displacement of inclusions the compacted pre-cluster looks as if the particles did not change their locations, but the concentration of inclusions in the sample has been increased. A visualization of such a process was carried out in [36, 37] , cf. Fig. 5 (b) in [37] . The attractive forces between magnetic particles were sufficiently strong to bring the particles close to contact in spite of counteracting elastic forces from a deformed polymer matrix.
Formation of chain-like structures under the influence of an external magnetic field of 270 mT is clearly seen in Fig. 5 (b) of [37] . 7 The main idea of the proposed theoretical description of effective properties in the case of the re-arrangement of inclusions is that the increase of their concentration in the pre-cluster can be interpreted as a decrease in the percolation threshold. This means that the reduction of the difference c pp  is not attributed to a (local) increase in p , but to a decrease in c p . With such a description, the percolation threshold is no longer a constant, but is a function of the magnetic field that decreases with increasing H :
To the best of our knowledge, the dependence of the percolation threshold on the magnetic field was heuristically introduced in
Ref. [38] for explaining the magnetic-field dependence of properties of MR fluids. In Ref. [10] , it was proposed to fit the experimental data on the magnetorheological effect in MAEs by percolation-like dependences with the magnetic-field-dependent critical volume fraction pc. In Ref. [39] , we used the method of Padé approximants for estimating the concentration dependence of the effective elastic modulus of MAE for the two-dimensional case and obtained an analytical expression for pc(H). Recently, a strain-dependent percolation threshold in highly stretchable conductive composite materials has been reported [40] .
Note that one can imagine situations when another mechanism of RS may be possible in composite materials, namely there is such a displacement of inclusions where local geometric anisotropy occurs. For example, when either inclusions themselves are elongated [41] or spherical particles are assembled into elongated agglomerates [42] . This mechanism deserves separate consideration. Calculation methods for such structures are reviewed in Ref. [5] .
III. Modification of the Bruggeman-Landauer approximation in the absence of RS
For calculating the effective coefficients, first we need to choose the approximation method. One of the most successful approximations for calculating the effective coefficients, working both in the case of weak and strong inhomogeneity, is the BL approximation [43, 44] , which is also known as the effective medium theory [45] . The expression for the effective dielectric constant is given by the equation 
In the case of a sufficiently large inhomogeneity (large ratio of 12 
where the addends in the denominators proportional to   where one can select c p in (5) according to the experimentally considered composite material. Explicitly, the expression for the effective dielectric constant, according to (4) and (5), can be written as
where, for the sake of simplicity, the arguments of   How does the percolation threshold depend on the magnetic field? In [10] , experimental data on the effective elastic moduli of MAE materials were analyzed for different concentration of iron particles and the following empirical relationship was proposed:
where the value of the constant Hc was determined to be equal to [47] experimentally demonstrated a virtual touching and detachment of rigid inclusions in a soft elastic matrix by application and withdrawing of a magnetic, which can be considered as an elementary step towards build-up (destruction) of an infinite cluster in magnetic field (or its removal).
IV. Magnetodielectric effect in magnetoactive elastomers
Large theoretical effort has been devoted to the calculation of the effective dielectric constant of composites (see, for example, books [3, 4, 6] ). When measurement is performed at a non-zero frequency and the dielectric has losses (associated with non-zero electrical conductivity), it is convenient to use complex variables to describe the properties of the phases. For a "bad" dielectric, the complex dielectric constant can be written as the sum [31] of two terms, the real part (lossless dielectric constant ε') and the imaginary part ε" associated with losses:
where  is the specific conductivity of a «non-ideal» dielectric,  is the angular frequency, and i is the imaginary unit. The apparent conductivity  can be recalculated into imaginary part of the relative permittivity: Magnetodielectric effect is conventionally defined as the variation of the lossless permittivity   due to externally applied magnetic fields [49] . 
Note that according to the RS model, the percolation threshold depends on the magnetic field (7), i.e. (0) is close to 1/3 and agrees well with the value observed in similar materials [51] . It is rather obvious that the constant c H in (7) should depend on the stiffness of the matrix, i.e. the ability of inclusions to move under the influence of a magnetic field. The stiffer is the matrix, the larger constant c H must be expected. For the theoretically most rigid matrix, in which the particles practically do not move (the lower curve in Fig. 2 (b) ), the effective dielectric constant is practically independent of the applied magnetic field. This is a direct indication of the relation of the magnetodielectric effect to the RS. The results of Figure 2 qualitatively agree well with experimental results obtained in Ref. [20] for different particle concentration and softness of the polymer matrix.
V. Effective magnetic permeability taking into account nonlinearity in the absence of RS
Let us consider the method of calculating the concentration dependence of the effective magnetic permeability in the absence of RS. This is the case in conventional polymer-based ferromagnetic composite materials [52] [53] [54] or in MAEs at low temperatures [11] . To be specific, consider a MAE specimen with rigidized PDMS polymer matrix at low temperatures (below 220 K) [11] . Such a sample is "frozen" and there is no displacement of inclusions when a magnetic field is applied to a specimen. However, it is impossible to use the BL approximation with the SV modification (4) directly. The local magnetic permeability of ferromagnetic inclusions, even in the hysteresis-free case, (nonlinearly) depends on the applied magnetic field. In turn, the magnetic field, in an inhomogeneous medium depends on coordinates in a complex way:
Thus, the calculation of the effective magnetic permeability, even in the absence of rearrangement of inclusions (i.e. RS), is nonlinear problem and the use of various approximate expressions for effective permeability, developed for linear problems, is not straightforward.
Various approximations have been proposed for calculating the effective coefficients in the case of nonlinearity of local kinetic coefficients. We shall follow the most suitable for our cases method proposed in [55] [56] [57] , where a method of generalizing the approximations developed for linear problems to the nonlinear case was given. In the original two works [55] [56] , the power-type nonlinearities were considered, see also [58] . The effective properties of composites with fixed ferromagnetic inclusions were considered in [59] [60] [61] [62] . The method proposed in [55, 56] is briefly explained in Appendix 2. The effective magnetic permeability is found by solving a system of two nonlinear equations 
where   To compare the theoretical model obtained by solving the system of equations (11), (12) with the experimental data, it is necessary to choose the explicit dependence of the magnetic permeability of inclusions on the magnetic field. As a rule, for micrometer-sized carbonyl iron particles, the empirical Fröhlich-Kennelly formula [63] is employed:
Here we use the dependence of the magnetic permeability of inclusions in the form (12) . The value of the two parameters that determine the numerical values are taken from the paper [64] : Figure 3 shows the field and concentration dependences of the magnetic permeability of MAE obtained from the solution of the system of equations (11) (12) and a comparison with the experiment of [11] . It is seen that there is an excellent agreement between theory and experiment for a conventional set of parameters.
14 Figure 3 . Field dependences of the effective magnetic permeability of a MAE sample at T =150 K for different particle concentrations. The filled circles denote experimental values, derived from magnetization curves of Ref. [11] .
As expected, the larger the concentration of inclusions, the larger the effective magnetic permeability (for the same values of the applied magnetic field). The magnetic permeability of the inclusions   
VI. Effective properties taking into account both nonlinearity and RS: effective magnetic permeability of MAE at room temperature
As above, we describe RS as a change in the percolation threshold in a magnetic field (7) . To calculate the effective properties, the nonlinear system of equations (11)- (12) Figure 4 shows the results of the calculation of the effective magnetic permeability according to the modified BL equation taking into account the nonlinearity and dependence of the percolation threshold on the magnetic field and the experimental dependences obtained in [11, 18] . In Fig. 4 , the field dependences of the effective magnetic permeability are fundamentally different from those in Fig. 3 , which are obtained in the absence of RS. In the case of RS, the dependence of magnetic permeability on the applied magnetic field ceases to be monotonous. It is interesting to note that the higher the concentration of inclusions, the weaker the field, where the maximum of permeability occurs. The manifestation of RS on the field dependence of magnetic permeability is most clearly seen in Fig. 5 , which compares the experimental 16 curve at room temperature (when RS occurs) [11] and two theoretical dependences, first is with RS, the other is without it. All dependencies are obtained for the same concentration of inclusions p = 0.23. Figure 5 . Field dependence of the effective magnetic permeability for two fundamentally different cases. The red curve shows the calculated field dependence of the effective magnetic permeability, obtained from the system of nonlinear equations (8, 9) in the presence of RS (room temperature), The green curve presents the calculated field dependence of the effective magnetic permeability in the absence of RS (low temperature). The filled circles denote experimental values, derived from magnetization curves of Ref. [11] .
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VII. Discussion
Despite the fact that a composite is far from the percolation threshold and it is not described by percolation theory, it is important that effective coefficients do not depend on the actual concentration of inclusions, but on the proximity of the concentration to the percolation threshold. Percolation theory implies that effective coefficients are characterized by critical indexes, the concentration of inclusions is close to the percolation threshold and the ratio of local material property of phases, for example, the electrical conductivity is very large. Real composites possessing different microstructures (which results in a specific percolation threshold) with the same concentration of inclusions will lead to different values of the effective coefficients. This can be related to the fact that the concentration of inclusions in some of the composites is nearer to the percolation threshold.
The RS concept allows one to explain experimental dependences of different physical quantities on an applied magnetic field in MAEs. First is the magnetodielectric effect, which is the significant increase of the effective dielectric constant in applied magnetic fields. The second effect is a qualitatively different behavior of the dependence of effective magnetic permeability on the magnitude of the magnetic field in MAE at room and nitrogen temperatures. At low temperatures, according to experimental data [11] , the effective magnetic permeability decreases with increasing field. This is due to a decrease in the magnetic permeability of inclusions with increasing field (13) . At room temperatures, local maxima on a generally descending dependence of µ e on the increasing magnetic field strength H (see Fig. 4 ) have been experimentally observed in
Ref. [11] . Qualitatively similar result has been reported before in Ref. [17] . Of course, this maximum is related to RS. As the field increases, the PC grows, which is interpreted as a decrease in the percolation threshold and, accordingly, the increase in µ e . On the other hand, since the local magnetic permeability of inclusions decreases with an increase in the magnetic field (13) , growth of the magnetic field contributes to a decrease in the effective magnetic permeability. The presence of two opposite trends can lead to the appearance of a maximum in the dependence of the effective magnetic permeability on the external field. To summarize, in this paper, a generalized theoretical approach for approximate calculation of effective properties of particulate composites with RS of the filling particles is formulated. It is employed for alternative explanation of two different physical effects in MAEs. As far as the magnetorheological (or field-stiffening) effect in MAEs is concerned, in the framework of the suggested approach, one has to incorporate the movable percolation threshold into the BL system of equations of elasticity. To the best of our knowledge, such a modification is not available at the present stage of research.
VIII. Conclusion
The main principal points of our model are:
1. The properties of MAE-type composite materials are due to particle displacements (rearrangement of inclusions) in a magnetic field, i.e. changes in the microstructure of the filling. We referred to this 18 physical phenomenon as restructuring. We emphasize that the concentration of inclusions in the sample does not change with RS, only their concentration in the vicinity of the pre-cluster changes.
2. In the theoretical description of composites with different values of percolation threshold and RS, it is reasonable to speak of a change in the "distance" to the percolation threshold. So far, the only logical way to describe the properties of composites with RS is to introduce a variable percolation threshold.
3. Standard equations that allow one to calculate effective coefficients, for example, the Maxwell, Maxwell-Garnett, Clausius-Mossotti, Bruggeman-Landauer approximations, etc., are not capable of describing a composite material with RS, because they describe a composite with a constant, given microstructure (distribution of inclusions). For example, the conventional Bruggeman-Landauer approximation in the three-dimensional case always(!) gives a percolation threshold approximately equal to 1/3 (the concentration value at which the maximum change in the concentration dependence of the effective coefficient occurs).
4. It is necessary to adapt the calculation methods for the effective coefficients in such a way that they describe composites with a variable percolation threshold. For this purpose, we employed the BL approximation, in which we introduced the SV modification. However, unlike the SV modification of the BL approximation, we consider the modified percolation threshold to be dependent on external conditions, in our case, on the applied magnetic field.
